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ABSTRACT

There are many generalization of metric space. Rataic metric space is the generalization of mespace too. Which
was introduced and studied by Hussian (a new apgrda metric space) in 2014. In present paper wavertwo fixed

point theorems based on injective mapping usingraotion conditions.
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INTRODUCTION
General Introduction
A metric on a nonempty set X is a mappifigd x X[0. «o]satisfying the following properties:
e d(x,y)=0Ifandifx =y

© dlx,y)=d(y, %)
*  d(x,y)<d(y, z) +d(z,y) ; then the pair (X, d) is said to be a metriccgsa

The theory of metric spaces is the general thedrghwvcovers several branches of mathematical aisalys real
analysis, complex analysis, multidimensional calsuletc. Due to which, existence and uniqueneded points and
common fixed points has become a subject of greatarn. In the recent six decades many authorsrgieeal the
Banach contraction Principle by moderating thentgidar inequality of a metric space as generalixedric space[see
2,5,7-8,14,22 and references therein], cone mepace[see 9 references therein], b metric spaceSe¢,6 references
therein ], cone b metric space[see9,10,11,14-2entes therein ], rectangular metric space [seeféfences therein ],
cone rectangular metric space [see 12,17,18 rafesaherein], are some of the generalizations dfiengpace introduced
by different authors in past few decades. AnaloBa&ach contraction principle, Kannan contractiomgple, Ciric
contraction principle and lots of the existing filxgoint theorems for various generalized contrastiwere proved in these

generalized spaces.

Most of the generalization of metric space are ldatf§ topology but we can also find generalizatafnmetric
space which are not necessarily Hausdorff topolseg, ref. [13, 19, 22,]). Tarskian mathematiciaadunon Hausdorff

topology for programming language semantics usesbimputer science.
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The purpose of this paper is to prove some fixethtptheorems for contraction mapping inparametmigtric

spaces An example is also given to distinguistresults.
PRELIMINARIES
Proceeding to our main result, let we furnish sadaéinition, proposition,properties & lemmas negitesequel.
1. Let X be a non empty set ang: ¥ x X x (0,0) — (0,) be a map on X such that
Vx,y,z€X andt >0

e dyx,y,t) =0ifand only ifx =y

o dy(x,y,t) = iy, x, t)

o dolx,y,t) < dylx, 2, t) + dyz,y,t)

Then g is called parametric metric and paff, @) is called parametric metric space.

. Iflim (X, x, t) = 0= lim,_,,, x» = x, for allt > 0 then sequencecf} ”“n=1 converses € X

. If im0 (xn, xm, t) = 0 for allt > 0 then sequence xf}” n=1is called Cauchy sequence.

* If every Cauchy sequence is convergent, then pdremmeetric spaceX, d) is a completeparametric metric space.

Let (X, d) be a parametric metric space dnd — X be a mapping, then We say T is acontinuous magpatnp

in X, if for any sequencex{}” n=1€ X such that log., x, =
x = 0G0, Txn =Tx .
DEFINITION
Let X be a nonempty set,> 1be a real number ait): X x X x (0; 1) €[0; 1]; such that
e Pylx,y,t) =0ifand onlyifx =y
* Px,y,t) = Ry, x?t)
e Pylx,y,t) <s[Rx,z,t) + Pyz,y,t) ] Vx,y,z € X andt > 0and s > 1
Then, B is called parametric b-metric on X and, &) is called parametric b-metric spaces.
The following definitions and results will be nedda the sequel which can be
MAIN RESULT

The objective of this paper is to prove some newdipoint theorems in parametric metric space. pager is divided in

two sections. In Section | and Il we prove theoremparametric metric spaces.
SECTION |

Theorem 2

Let (X, d) be a complete parametric metric spaceBnd — X be an injective mapping satisfying the condition
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“ d(x,Tpx t) .dl:}'.pr.t)) ( d(x,Tpx,t).d(x,Tpy.t) )
(2.1 }d(Tpx' pr’ t} <ad (X. Y t) + ﬁ ( d{).‘,y}+d(.x.?‘p).yt) + d{x,y}+d[.\yTpx.t)+2 d(}'JTp}',t)

Vte[0l);a B, y>0;x,y EX & x #y have a fixed point itr + 2 +y 2 < 1 and moreover a unique fixed
pointifa +y < 1.

Proof

Let sx0 € X , Define iterative sequencef}n=1 « follows: Tpxn = xn+1 forn = 1, 2, 3, .... If for some pxn = xn,

thenxn is the fixed point. Otherwi§xn # xn, using inequality
d(Xps1r Xpsort) = d(Tpxn‘ Tpxn+l' t]
d(xn’ Tpxn' t)' d‘(xn+l* rj‘hp‘)CJHl" t))

= d ne“vn T) +
a (x Xn+1 :] 5( d-(:xn-xu-l-l‘t)+d(x”'Tpx”’t)

d(xn.Tpx”,t).d(xn,Tpan, t)
_I_ "
: d(xp X110 t) + d(Xp Xy, t) +2d (41 X420 )

d(Xp41 Xps2,t)
< ad(x,, x40 ) + B (d(xu'xn+1’t)'d(xri+l‘xal+2‘ f))
d (X Xppr,t) +d (X X1y, 1)
n }/( d(xn'xu+l-t:)'d‘(-xnlxn+21t) . )
d(x,, X1, t) +d(x,, x40, 8) +2.d (x50, X205, 1)

d(xn+1‘ Xnt2 t)
(F(X”. Xn+1s t)' d(xn+ll Xn+2: t)
<ad(x,x, .., t)+ -
= (x” Tt ) ﬁ( Z'd[xn'xawl't.)
+ d(xn'xn+1't:)-d‘(xwxn+2.l t)
z'd(xwxn+l!t) + 2 d(xu+1-xn+2-t:)

(xu+l-xu+2-t) < ad(xu!xn+1th + ﬁ( 2 2

d(xn+llxu+2't:)) (d(xnixawl't:)-)
+y | —————

‘8 |4
(1 — E) d-(xn+11 Xni2 t) = (ar + E) d(xwx)H-P f)

)4
(a+3) .
d(xn+1’ Xp42r t) = (—ﬁd(xn'xn+1' f_)S
_ 2)

d-(xn+1lxn+2l t) < "E( d(xnlxn+ll t)

B

<1 = a+3

Y o - . . .
+ ;< 1. Therefore by successive iteration

vt €[0,Dand k = E{:g

d(xn+11xu+2l t) < k" d(xOJle f)
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As we know if fxn} n—o be a sequence in parametric spacd] such thati(xn+1, xn+2,t) < k d(xn, xn+1, t)
vVte[0l) &n=1.23, ... thengn} n—ow is a Cauchy sequence i, (d). Since &, d) is a complete parametric space;

{xn}n—w converses. Letx €X , thenlimn—o xn — x* . AgainTp is continuous, therefore
Tox™ =T, (limy oo Xp,) = limy_ oo Tpx, = x" =2 Tpx™ = x7

ImpliesTp has a fixed poinT'px* = x* in X.

Now we will show thate* is unique. for that suppoge is another fixed point therefoi@®y+* = y*. Therefore by

inequality (2.1) we have

d(Tpx*,pr'.t)
_ L. d(x*Tp,x*.tj.d(y'.pr*,t:)
= ad(x !y ‘t)+‘8(d(x.y",t) +d(x*,Tp,x*,t:))
N ( d.(x'.Tpx'.t).d(x*,pr'.t) )
Y d(x*, y*, t) +d(x*,Tp,x*,t) —O—Zd(y*,Tp,y',t)
L. B . d(x*, x*, t).d(y", y". t)
dx',y"t) <ad(x’,y"t) _Hg(d.(x* D T de t))

d(x*, x*, t).d(x",y", t)
Ty (d(x'.y*,t) +d(x*x*, t) + Zd(y*,y'.t:))

dx*,y"t) =ad(x',y"t)
d(x*,y*,t) <ad(x*,y"t)
= 1-a)dx",y,t)=0
= d(x",y",t) =0 Since @ < 1= x" = y". Hence T, has a unique point.
SECTION Il

Theorems

Let (X, Tp) be a complete parametric b- metric space BmdX — X be a orbitally continuous self-map satisfying the

condition

d(x,Tpx,t)d(y, Tpy,t) d(xTpy.t)d(yTpx,t) d(xTpxt)d(xTpy.t)
d(xy.t) ’ d(x,y,t) ’

(3.1 )(Tpx. (52 t) < a Max{d(x,y,t),

2d (x,y.t) }
Vte[01); @ >0;x,y EX&x =y and a € [0,1] then T, has a unique fixed point.
Proof

Letx0 € X, Define iterative sequence#®}n=1 follows: Tpxn = xn+1 forn =1, 2, 3, .... If for some fipxn = xn, then

xn is the fixed point. Otherwigxn # xn, using in equality(3.1)
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d(xn+ll Xn+2s t) = d(Tpxw Tpxu+ll t)

ﬂ’(xn, Ty Xy t:]d(xn+1’ Ty X1 t)

EiaMax{d(x,l,an,t). ('I(X ¥ f)
n*tn+is b

d—(xn- Tpxn+1- t)d(xaﬁl- Tpxw t) d(xu- Tpxw t)d(xnl Tpxu+l- t)

d(xwxn+1lt) 2({.()5”,3.’.}1_,_1,1')
d(x,, %, t)d(X 01, X, 50, T
< aMax{d(xu,an,r). ( n n(-}—l ) ( n+1 n+2 )’
(}"n'xn+l't)
d(xn'xu+2‘t)d(xi1+11xn+1!f) d(xwxn+1‘ f)d(xwxn+21t)}
d[xn'xrﬁll t) Zd(xwxn+llt)
d(xn'xn+1't)d(xn+1‘xu+2‘ t) d(xn‘xu+1‘ t){d(xn'xn+l't) + d(xn-%—lixrwzl f)}
=a Max{d(xwxn+b ) d .0, 2d :
(xn'xn+l't) (xn‘xn+l't.)

) - d(xpXpeq.t)+dxn g open.t)
d(xn+lixn+21t) EaMax{(d(xwxn+1it]'d(xn+1'xn+2't)JU! e 2 e }

=>d (X110 Xz t) < @ d(x,, x4, 1)
Therefore by successive iteration
d(Xps1 Xps2,8) < @™ d(xg, Xy, €)
d(Xp1, Xpi2,t) < @™ d(xg, x5, )
As we know if {xn}n—o be a sequence in parametric spacd] such thati(xn+1, xn+2,t) < an d(x0, x1, t)

vVt e€[0,1l) &n =123, ... thengn}n—w is a Cauchy sequence iX, (). Since ¥, d) is a complete parametric
space; gn}n—oo converses. Letx €X , thenlimn—oo xn — x* . AgainTp is continuous, therefore

T,x* =T,(limp_o x,) = limy_. Tyx,, = x" = T,x" = x"
ImpliesTp has a fixed poinTpx* = x* in X.

Now we will show thate* is unique. for that suppose is another fixed point therefo@y+* = y+. Therefore by

inequality (3.1) we have

d(Tpx", Tpy",t)

Ty d(x* Tam t)d(y" . Ty . t) d(x" T,y 1)d(y" . Tpa®,t) d(x* Tx*, 0)d(x". Ty* .t
< a Max{d(x",y", 1), e,y 5) ; TR , 2d(x"y", 5

d(Tpx*, T,y" t)
> s u g o GESES DAY L) dl DA 20 0 d ik nd (et 1)
< a Max{d(x",y",t) a7 ; prem— 5 20(r,y°.0

d(Tpx" Ty t) < @ Max{d(x",y",t),0,d(x",y",t), 0}
d(x*,y*,1) < ad(x*, v, t)
= (1-a)dx*,v,t)<0

= d(x",y",t) = 0Since & > 1= x" = y". Hence T, has a unique point.
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